Abstract. In this paper, we provide some new examples of complex symmetric weighted composition operators acting on the Hardy space H 2 (D), which include all Hermitian ones and all normal ones known up to now. Since each algebraic operator of order two is complex symmetric, we will also investigate when a weighted composition operator is algebraic of order two.
Preliminaries
Let H be a Hilbert space and L(H) be the collection of all bounded linear operators. A conjugation C on H is an anti-linear (also conjugate-linear), isometric and involution operator, i.e., (i) anti-linear: C(ax + by) = aC(x) + bC(y), ∀x, y ∈ H, ∀a, b ∈ C;
(ii) isometric: Cx = x , ∀x ∈ H; (iii) involution: C 2 = I. An operator T ∈ L(H) is complex symmetric if there exists a conjugation C such that T = CT * C. In this case, we say that T is complex symmetric with respect to C. For any conjugation C, it is shown by [6] that there is an orthogonal basis {e n } ∞ n=0 such that Ce n = e n , n ≥ 0. With this observation, an operator is complex symmetric precisely when it has a complex matrix representation under certain basis.
The general study of complex symmetric operators was began by Garcia, Putinar and Wogen in [6] [7] [8] [9] . The class of complex symmetric operators turns to be quite diverse, which includes all normal operators, operators that are algebraic of order two, Hankel operators, compressed Toeplitz operators, and the Volterra integration operator.
Recall the classic Hardy space
It is well known that for any function f ∈ H 2 (D), the radial limit f * (ζ) =: lim r→1 − f (rζ) exists for all ζ on the unit circle except a set of measure zero. Moreover, the H 2 -norm can be expressed via the L 2 (∂D)-norm of the radial limit f * . The Hardy space H 2 (D) is a reproducing kernel Hilbert space (RKHS), i.e., for any point w ∈ D there exists a unique function K w ∈ H 2 (D) such that f (w) = f, K w where K w is call the reproducing kernel at w. For any holomorphic self-map ϕ ∈ S(D) of the unit disk and any holomorphic function u ∈ H(D), the associated weighted composition operator is defined by If u ≡ 1, C ϕ is called a composition operator. The study of composition operator and weighted composition operator over H 2 (D) and other various holomorphic function spaces has undergone a rapid development over the past four decades. For general background and results, we refer the reader to [5] and [16] .
It is well known that the composition operator is always continuous acting on the Hardy space H 2 (D). If we assume u ∈ H ∞ (D), then the weighted composition operator is also continuous on H 2 (D). We will always make this assumption even if it is not always necessary. A useful formula of the weighted composition operator is (uC ϕ ) * K w = u(w)K ϕ(w) , w ∈ D
which can be easily verified by definition and will be used frequently throughout the paper. Naturally, we can ask the question when a weighted composition operator is complex symmetric on H 2 (D). The problem was first studied independently by Garcia and Hammond in [4] and Jung et al. in [12] . The idea is to take the natural conjugation J defined by
a n z n and to characterize when a weighted composition operator is complex symmetric with respect to J. Their result provides many non-normal examples of complex symmetric operators. However, it does not include an example of complex symmetric composition operator that is not normal.
In [12] , the authors ever gave such an example, which disproved later by Noor [14] . Noor then posed the problem to find a complex symmetric composition operator that is not normal. It was settled recently by Narayan et al. [15] and leads to the subsequent work of [2, 10, 11] . Motivated by these researches, we will continue the work of finding complex symmetric weighted composition operators on H 2 (D) in this paper. Some modifications will be made on the classic conjugation J. By doing so, we obtain some new examples. Particularly, our examples include all Hermitian weighted composition operators and all normal weighted composition operators known so far. It is worth noting that a complete characterization of normal weighted composition operators on H 2 (D) is still not available up to now. Besides, we also investigate the problem when a weighted composition operator is algebraic of order two as we have known that this class is also complex symmetric.
Before the discussion, let us take a review of some basic information on the linear fractional transformation (LFT), since most examples in this paper will arise in the form of a LFT. Recall that a LFT ψ is a map of the form
Each LFT is a holomorphic bijection of the extended complex plane C = C ∪ {∞} and has exactly two fixed points on C counting multiplicities. It is well known that each automorphism ϕ ∈ Aut(D) of the unit disk
1−pz is an involution interchanging p and 0.
Complex Symmetric Weighted Composition Operators Containing the Hermitian Ones
In this section, we will give a class of complex symmetric weighted composition operators which includes all Hermitian weighted composition operators on H 2 (D). Denote by J the following anti-linear mapping
It is easy to check that J defines a conjugation on H 2 (D). In fact, J(z n ) = z n , n ≥ 0. So a weighted composition operator is complex symmetric with respect to J if and only if it has a symmetric matrix under the basis {z n } ∞ n=0 . Such a characterization was obtained independently by Jung et al. in [12] and by Garcia and Hammond in [4] (over more general weighted Hardy space). However, this class of complex symmetric weighted composition operator is not large enough to cover the class of Hermitian weighted composition operators.
To overcome this gap, an easy generalization is to consider the following conjugation
where λ ∈ ∂D. J λ is nothing but adding a rotation to J, i.e., J λ = JC λ . One can easily verify that J λ defines a conjugation. In fact, if we set e n = λ
forms a basis such that J λ e n = e n .
The following theorem characterized when a weighted composition operator is complex symmetric with respect to J λ . Particularly, it reduces to [12, Theorem 3.3] if λ = 1.
be not identically zero and λ ∈ ∂D. Then uC ϕ is complex symmetric with respect to J λ if and only if
,
Proof. If uC ϕ is complex symmetric with respect to J λ , then
for all z, w ∈ D. Using the formula (1), we obtain that
Thus it follows from (2) that
for all z, w ∈ D. Let w = 0 in (3), we get
i.e.
Since u is not identically zero on D, u(0) = 0 and hence by (3) and (4) we get
. Replacing z and w by their conjugations for simplicity, we get
Taking derivative with respect to z on both sides, we have
Putting z = 0, we get that
, then it follows from direct computation that (3) holds, thus the weighted composition operator uC ϕ is complex symmetric with conjugation J λ . This completes the proof.
As we have mentioned, the motivation to introduce the conjugation J λ is trying to cover all Hermitian weighted composition operators on H 2 (D) which were characterized by Cowen and Ko: Therefore, in next theorem, we will try to characterize when the class of complex symmetric weighted composition operator given by Theorem 1 is Hermitian or normal. 
for all w ∈ D. Apply the conjugation J λ to both sides and use the fact that uC ϕ is complex symmetric with respect to J λ , we get
By (1), we know
. Substituting the expression of u and ϕ, we get
Simplifying the above equation, we obtain
which implies that
Putting w = 0, we get u(z) = u(λz), that is,
Thus λa 0 = a 0 and b is a real number. Consequently,
, that is,
So we must have that a 1 is a real number. Conversely, if λa 0 = a 0 , a 1 , b are real numbers, then uC ϕ is self-adjoint by Theorem A. This completes the proof.
In Theorem 1, we assume that ϕ maps the disk into itself. We next consider which combination of a 0 and a 1 will ensure this condition.
. Then ϕ maps the disk into itself if and only if
Proof. If a 0 = 0, then ϕ(z) = a 1 z and ϕ maps the unit disk D into itself if and only if |a 1 | ≤ 1; If a 1 = 0, then ϕ(z) = a 0 and ϕ maps the unit disk D into itself if and only if |a 0 | < 1: in both cases, a 0 and a 1 satisfy the condition (7). Now we may assume that a 0 = 0 and a 1 = 0. Obviously, |ϕ(0)| = |a 0 | < 1 is necessary for ϕ to be a self-map. Moreover, |ϕ(z)| < 1 for all z ∈ D if and only if
which is equivalent to
is an automorphism and 2|λa 0 + a 0 (a 1 − λa (7) is satisfied.
Next we assume that λa 0 + a 0 (a 1 − λa
Then 
Indeed, suppose that ϕ(D) ⊂ D and let ζ ∈ ∂D. Then |a 0 | = | ϕ(0)| < 1. In addition, since there is a sequence {z n } ∈ D such that lim n→∞ = ζ, we get that
Since |a 0 | < 1 and a 1 = 0, it follows that ϕ is nonconstant and analytic on D. So it holds for any
which is
)]e iθ > 0, we can replace (9) by the following inequality:
for any ζ ∈ ∂D, which is equivalent to
This completes the proof. 
Proof. We need to show that [5, Theorem 3.23] . By Lemma 1,
there is a positive number 0 < r < 1 so that sup z∈D |ϕ(z)| ≤ r. Therefore,
So uC ϕ is Hilbert-Schmidt.
Next, we will explore the eigenvalues and eigenvectors of those operators. 
and for g(z) =
, we have
Proof. Since β is a fixed point of ϕ, so
Now, by definition of ϕ and (13), we have
as we wish to show. From the definition of g, (11) and ϕ(β) = β, we see that
which completes the proof. ∈ H ∞ (D). For each non-negative integer j ∈ N, the function
Proof. Since g j is a bounded analytic function, it belongs to H 2 (D). Using the results from Lemma 2, we obtain
Corollary 5. Under the same hypotheses as in Theorem 3, the following assertions hold: (i) uC ϕ is Hilbert-Schmidt;
(ii) If β is the interior fixed point of ϕ, then
Proof. According to Theorem 3 and Theorem 4, we just need to show the inclusion
This is easy to see by taking derivatives and evaluating at the fixed point β on both sides of the equation u · f • ϕ = λf.
Complex Symmetric Weighted Composition Operators Regarding the Normal Ones
As one can see, the difficulty in constructing complex symmetric weighted composition operators is due to the difficulty of providing a natural conjugation. "Natural" means that it should be feasible to do explicit calculation.
In section 2, to get the complex symmetric weighted composition operators of Theorem 1, the strategy is simply adding an rotation C λ to the classic conjugation J. In fact, we can go further if we replace the rotation C λ by a general unitary weighted composition operator vC σ . Thanks to Bourdon and Narayan [1] , the unitary weighted composition operator was completely characterized in the following lemma. 
Lemma 3. [1, Theorem 6] The weighted composition operator vC σ is unitary on H 2 (D) if and only if σ is an automorphism of D and v = c
This anti-linear operator is always an isometry but not an involution in general. The following lemma characterizes when J σ defines an conjugation. Proof. Since J σ is always an anti-linear isometry, it remains to analyze when J σ is an involution. For any f ∈ H 2 (D), we have
and then
If J σ is an involution, by taking f ≡ 1 we must have
So λp = p which implies
that is, J σ is an involution. 
Proof. If uC ϕ is complex symmetric with conjugation J σ , then
It follows from Theorem 1 (or [12, Theorem 3.3] ) that uC ϕ is complex symmetric with respect to J if and only if
, and ϕ(z) = a 0 + a 1 z 1 − a 0 z ,
This completes the proof.
We will not compute directly when the family of complex symmetric weighted composition operator above is normal. Instead, one may find that the normal class in Theorem 6 is among the normal ones arising in [1] , see Theorem C below. Surprisingly, we find that the normal subclass of Theorem 6 is actually the same as those obtained by Bourdon and Narayan in [1] . To see this, let us first take a review of their results.
Theorem 
Remark. Note that the case d = 0 (for which we must have b = 0) is excluded from Theorem C but included in Theorem B (just take δ = 0). Now for d = 0, it is elementary to check that condition (14) is equivalent to
If |b| = |c| = 0, then ϕ(z) = a d z and u ≡ 1, obviously uC ϕ is normal; If |b| = |c| = 0 and ϕ has a boundary fixed point η ∈ ∂D, i.e.,
then we have
So (15) is equivalent to |b| = |c| in this case.
Checking the proof of Theorem B, one can find that uC ϕ is actually unitary equivalent to C δz by the formula
Obviously, C δz is complex symmetric with respect to J. So we have immediately:
Theorem 7. The normal weighted operator uC ϕ in Theorem B is complex symmetric with respect to the conjugation
Remark. In this theorem, if we write
, then JC is a linear surjective isometry, that is, a unitary operator. It is easy to calculate that C = J σ , where J σ = JvC αq is the conjugation of Lemma 4 with q = p−p p 2 −1 .
Next, we will give a conjugation with respect to which the normal weighted composition operator in Theorem C is complex symmetric. The conjugation is of the form in Lemma 4. In view of Theorem B and Theorem 7, we will only focus on the case when ϕ, not identity, has a boundary fixed point. By the remark following Theorem C, we know c = 0. Without of generality, we may assume that ϕ(1) = 1 and c = 1 just for simplicity. The general case can be easily obtained via a rotation. Proof. We need to prove that
for all w ∈ D.
For the right side of (16), we have
For the left side of (16), we have
az+b z+d = vC σ dp 1 − |p| 2 (dp − d|p| 2 w + bpw − b|p| 2 ) + (apw − |p| 2 w − a|p| 2 + p)z
where
Using the condition ϕ(1) = 1 and bp(p − 1) + p(1 − p) = 0, one can easily verify that (16) holds; we omit the details here. This completes the proof.
Remark. The equation
bp(p − 1) + p(1 − p) = 0, |b| = 1 has lots of solutions in the unit disk. In fact, write p = re iθ = 0, then
r − e iθ = e 2i arg(r−e −iθ )
which has exactly two solutions of θ for any fixed r ∈ (0, 1).
Algebraic Weighted Composition Operators of Order Two
As we have seen, the family of complex symmetric weighted composition operators provided in Theorem 6 includes all normal ones known so far. However, there exists complex symmetric weighted composition operator, even composition operator, which does not belong to the family, for example the composition operator C αp induced by an involution automorphism α p ∈ Aut(D). In fact, the authors [9] proved that if an operator T is algebraic of order 2, i.e. P (T ) = 0 for some nonzero polynomial P (z) = Az 2 + Bz + C, then T is complex symmetric. The complex symmetry of C αp follows immediately from the equation C 2 αp − I = 0. Following this idea, it is natural to ask
When is a weighted composition operator uC ϕ algebraic of order 2? We will answer this question for the remaining. To avoid triviality, we will assume that u is not identically zero and that ϕ is not a constant map. For the case when ϕ is a constant map, that is, ϕ(z) = a ∈ D for all z ∈ D, we have
Consequently, P (uC ϕ ) = 0 for P (z) = z 2 − u(a)z. Operating both sides on functions 1 and z, we have
Since ϕ(D) is a nonempty open set, we get u ≡ B and ϕ = id.
Case (ii) If B = 0, C = 0, then
Operating both sides on functions 1 and z, we have
Hence ϕ is the identity map or an involution automorphism. If ϕ is the identity map, then u 2 = C, i.e. u = ± √ C is a constant function. uC ϕ is a multiply of the identity. Now, we consider the case when ϕ is an involutive automorphism. If ϕ(0) = 0, then ϕ(z) = −z and u(z) · u(−z) = C = 0. Setting u = e h , then h(z) + h(−z) = log C. It is easy to see that h has a Taylor series representation of the form
. If ϕ(a) = a = 0, then by setting u = u • α a and ϕ = α a • ϕ • α a , we know that uC ϕ is similar to uC ϕ . We also have that P ( uC ϕ ) = 0. The above discussion has shown that
Performing both sides on the orthogonal basis {z
By taking n = 0, z = 0, we get u(0) · u(ϕ(0)) = Bu(0) + C, thus u(0) = 0 since C = 0. For n ≥ 1, taking z = 0, we obtain u(ϕ(0))[ϕ(ϕ(0))] n = Bϕ(0) n . We claim that ϕ(0) = 0. Otherwise, since B = 0, we have u(ϕ(0)) = 0 and then
for all n ≥ 1. Therefore, we must have ϕ(ϕ(0)) = ϕ(0) and B = u(ϕ(0)), thus a = ϕ(0) is a fixed point of ϕ. Evaluate (17) at z = a, we get u(a) 2 ϕ n (a) = Bu(a)ϕ n (a) + Ca n = u(a) 2 ϕ n (a) + Ca n , so we get a = 0, which is a contradiction. It follows from (17) that
Since ϕ(0) = 0, by Schwarz lemma we know |ϕ(ϕ(z))| ≤ |ϕ(z)| ≤ |z| where the equality holds only when ϕ is a rotation. Thus (18) implies ϕ(z) = λz for some |λ| = 1. Now (17) becomes u(z)u(λz)λ 2n = Bu(z)λ n + C n ≥ 0.
If λ is irrational, then u(z)u(λz)w 2 = Bu(z)w + C, for all z ∈ D, w ∈ C. So u has to be constant by the open mapping theorem of holomorphic functions and then uC ϕ is a multiple of the identity.
Example 10.
(1) For any involution automorphism α p (z) = p−z 1−pz , let a 0 = 0 and a 2k+1 = 0, k ≥ 0 in Theorem 9, then u ≡ 1. That is, the composition operator C αp is complex symmetric acting on H 2 (D). (2) Let ϕ 1 (z) = −z and u 1 (z) = e z , u 2 (z) = e sin z , then u 1 C ϕ1 and u 2 C ϕ1 are complex symmetric on H 2 (D).
Conclusion Remark:
To end the paper, we mention that there is still much more work to be done. We pick a few in the following. Problem 1. Each complex symmetric weighted composition operator uC ϕ here arises with ϕ a LFT. Is there any complex symmetric weighted composition operator uC ϕ with ϕ a non-LFT map? Problem 2. Is there any normal weighted composition operator uC ϕ with ϕ a non-LFT map?
Problem 3. Find all complex symmetric weighted composition operators uC ϕ when ϕ is a LFT.
Problem 4. Find all normal weighted composition operators uC ϕ when ϕ is a LFT.
Problem 5. Try to give a conjugation with respect to which the weighted operator of Theorem 9 is complex symmetric. Note that the case for the involution composition operator was solved by Noor [13] .
